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ABSTRACT
Self-duality in Euclidean gravitational set ups is a tool for finding remarkable geometries in
four dimensions. From a holographic perspective, self-duality sets an algebraic relationship
between two a priori independent boundary data: the boundary energy–momentum tensor
and the boundary Cotton tensor. This relationship, which can be viewed as resulting from
a topological mass term for gravity boundary dynamics, survives under the Lorentzian sig-
nature and provides a tool for generating exact bulk Einstein spaces carrying, among others,
nut charge. In turn, the holographic analysis exhibits perfect-fluid-like equilibrium states
and the presence of non-trivial vorticity allows to show that infinite number of transport
coefficients vanish.
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1 Introduction
Gravitational duality is known to map the curvature form of a connection onto a dual cur-
vature form. It allows for constructing self-dual, four-dimensional, Euclidean-signature ge-
ometries, which are in particular Ricci-flat. Many exact solutions to Einstein’s vacuum equa-
tions have been obtained in this manner, such as Taub–NUT [1], Eguchi–Hanson [2, 3], or
Atiyah–Hitchin [4] gravitational instantons.
The remarkable integrability properties underlying the above constructions have created
the lore that in one way or another, integrability is related with self-duality,1 in a general and
somewhat loose sense. In particular, this statement applies to conformal self-duality condi-
tions, either for Kähler or for Einstein spaces, which have delivered many exact geometries
(LeBrun, Fubini–Study, Calderbank–Pedersen, Przanowski–Tod, Tod–Hitchin, . . . [6–19]).
1Quoting Ward (1985, [5]):
. . .many (and perhaps all?) of the ordinary or partial differential equations that are regarded as
being integrable or solvablemay be obtained from the self-duality equations (or its generalizations)
by reduction.
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Conformally self-dual spaces can be Einstein – called then quaternionic. They can be
asymptotically anti-de Sitter and analyzed from a (Euclidean) holographic perspective. Hence,
it is legitimate to ask (i) how self-duality reveals holographically i.e. on the boundary data,
(ii) whether its underlying integrability properties extend to Lorentzian three-dimensional
boundaries and allow to obtain exact bulk Einstein spaces, and (iii) what the physical content
is for a boundary fluid emerging from such exact bulk solutions.
The aim of these lecture notes is to provide a tentative answer to the above questions.
They exhibit our present understanding of the subject, as it emerges from our works [20–23].
The exact reconstruction of the bulk Einstein geometry or, equivalently, the resummability
of the Fefferman–Graham expansion are achieved assuming a specific relationship among
the two a priori independent boundary data, which are the boundary metric gµν and the
boundary momentum Fµν interpreted as the boundary field theory energy–momentum ten-
sor expectation value Tµν:
2
wTµν + Cµν = 0. (1.1)
Here Cµν is the Cotton–York tensor of the boundary geometry. In the Euclidean case, (anti-
)self-duality corresponds precisely to the choice w = ±3k3/κ (k is related to the cosmological
constant, Λ = −3k2, and κ to Newton’s constant, κ = 3k/8πGN). Equation (1.1) appears as the
natural extension of this duality – and integrability, in the spirit of the above discussion –
requirement, irrespective of the signature of the metric, with arbitrary real w. This answers
questions (i) and (ii). Furthermore, the boundary condition (1.1) can be recast as
δS
δgµν
= 0 (1.2)
with
S = Smatter +
1
w
∫
ω3(γ), (1.3)
where Smatter is the action of the holographic boundary matter and ω3(γ) the Chern–Simons
density (γ is the boundary connection one-form). The reader will have recognized the dy-
namics of matter coupled to a topological mass term for gravity [24]. Exact bulk Einstein
spaces satisfying this boundary dynamics turn out to provide laboratories for probing trans-
port properties of three-dimensional holographic fluids, and this is an important spin-off of
the present analysis that will answer question (iii).
2 The ancestor of holography
Wewill here review some basic facts about gravitational duality and their application to the
filling-in problem, which can be considered as the ancestor of holography. All this will be
2The relation is Tµν = κFµν, given in Eq. (3.1).
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illustrated in the example of asymptotically AdS Schwarzschild Taub–NUT geometry.
2.1 Curvature decomposition and self-duality
The Cahen–Debever–Defrise decomposition, more commonly known as Atiyah–Hitchin–
Singer [25, 26],3 is a convenient taming of the 20 independent components of the Riemann
tensor. In Cartan’s formalism, these are captured by a set of curvature two-forms (a, b, . . . =
0, . . . , 3)
Rab = dωab +ωac ∧ωcb =
1
2
Rabcdθ
c ∧ θd, (2.1)
where {θa} are a basis of the cotangent space and ωab = Γabcθc the set of connection one-
forms. We will assume the basis {θa} to be orthonormal with respect to the metric
ds2 = δabθ
aθb, (2.2)
and the connection to be torsionless and metric – this latter statement is equivalent to ωab =
−ωba, where the connection satisfies
dθa + ωab ∧ θb = 0. (2.3)
The general holonomy group in four dimensions is SO(4), and (2.2) is invariant under
local transfromations Λ(x) such that
θa′ = Λ−1 abθ
b,
under which the curvature two-form transform as4
Ra′b = Λ−1 acRcdΛdb.
Both ωab andRab are antisymmetric-matrix-valued forms, belonging to the representation 6
of SO(4).
Four dimensions is a special case as SO(4) is factorized into SO(3)× SO(3). Both con-
nection and curvature forms are therefore reduced with respect to each SO(3) factor as
3 × 1 + 1 × 3, where 3 and 1 are respectively the vector and singlet representations. The
connection and curvature decomposition leads to (λ, µ, ν, . . . = 1, 2, 3 and ǫ123 = 1):
Σλ =
1
2
(
ω0λ +
1
2
ǫλµνω
µν
)
, Aλ =
1
2
(
ω0λ − 1
2
ǫλµνω
µν
)
, (2.4)
Sλ = 1
2
(
R0λ + 1
2
ǫλµνRµν
)
, Aλ = 1
2
(
R0λ − 1
2
ǫλµνRµν
)
. (2.5)
3See also [27] for a review.
4Note the transformation of the connection: ωa′b = Λ
−1 a
cω
c
dΛ
d
b + Λ
−1 a
cdΛ
c
b.
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Using this decomposition, (2.1) reads:
Sλ = dΣλ − ǫλµνΣµ ∧ Σν, Aλ = dAλ + ǫλµνAµ ∧ Aν. (2.6)
Usually S and A are referred to as self-dual and anti-self-dual components of the Rie-
mann curvature. This follows from the definition of the dual forms (supported by the fully
antisymmetric symbol5 ǫabcd)
R˜ab =
1
2
ǫa dbc Rcd,
borrowed from Yang–Mills. Under this involutive operation, S remains unaltered whereas
A changes sign. Similar relations hold for the components (Σ, A) of the connection.
Following the previous reduction pattern, the basis of 6 independent two-forms can be
decomposed in terms of two sets of singlets/vectors with respect to the two SO(3) factors:
φλ = θ0 ∧ θλ + 1
2
ǫλµνθ
µ ∧ θν,
χλ = θ0 ∧ θλ − 1
2
ǫλµνθ
µ ∧ θν.
In this basis, the 6 curvature two-forms S and A are decomposed as(
S
A
)
=
r
2
(
φ
χ
)
,
where the 6× 6 matrix r reads:
r =
(
A C+
C− B
)
=
(
W+ C+
C− W−
)
+
s
6
I6. (2.7)
The 20 independent components of the Riemann tensor are stored inside the symmetric
matrix r as follows:
• s = Tr r = 2Tr A = 2Tr B = R/2 is the scalar curvature.
• The 9 components of the traceless part of the Ricci tensor Sab = Rab− R4 gab (Rab = Rcacb)
are given in C+ = (C−)t as
S00 = TrC
+, S0λ = ǫ
µν
λ C
−
µν, Sλµ = C
+
λµ + C
−
λµ − TrC+δλµ.
• The 5 entries of the symmetric and traceless W+ are the components of the self-dual
Weyl tensor, whileW− provides the corresponding 5 anti-self-dual ones.
5A remark is in order here for D = 7 and 8. The octonionic structure constants ψαβγ α, β,γ ∈ {1, . . . , 7} and
the dual G2-invariant antisymmetric symbol ψ
αβγδ allow to define a duality relation in 7 and 8 dimensions with
respect to an SO(7) ⊃ G2, and an SO(8) ⊃ Spin7 respectively. Note, however, that neither SO(7) nor SO(8) is
factorized, as opposed to SO(4).
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In summary,
Sλ = W+λ +
1
12
sφλ +
1
2
C+λµχ
µ, (2.8)
Aλ = W−λ +
1
12
sχλ +
1
2
C−λµφ
µ, (2.9)
where
W+λ =
1
2
W+λµφ
µ, W−λ =
1
2
W−λµχ
µ
are the self-dual and anti-self-dual Weyl two-forms respectively.
Given the above decomposition, the following nomenclature is used (see e.g. [27] for
details):
Einstein C± = 0 (⇔ Rab = R4 gab)
Ricci flat C± = 0, s = 0
Self-dual A = 0⇔ {W− = 0, C± = 0, s = 0}
Anti-self-dual S = 0⇔ {W+ = 0, C± = 0, s = 0}
Conformally self-dual W− = 0
Conformally anti-self-dual W+ = 0
Conformally flat W+ = W− = 0
Quaternionic spaces are Einstein and conformally self-dual (or anti-self-dual). Conformal
self-duality can also be combinedwith Kähler structure. In either case, remarkable integrable
structures emerge.
Quaternionic conditions can be elegantly implemented by introducing the on-shell Weyl
tensor, defined as the antisymmetric-matrix-valued two-from:
Wˆ ab = Rab + k2θa ∧ θb. (2.10)
Decomposing the latter à la Atiyah–Hitchin–Singer, we obtain:
Wˆ+λ = Sλ +
k2
2
φλ =W+λ +
1
12
(
s+ 6k2
)
φλ +
1
2
C+λµχ
µ, (2.11)
Wˆ−λ = Aλ +
k2
2
χλ =W−λ +
1
12
(
s+ 6k2
)
χλ +
1
2
C−λµφ
µ. (2.12)
A quaternionic space is such that either Wˆ+ or Wˆ− vanish.
2.2 The filling-in problem
A round three-sphere is a positive-curvature, maximally symmetric Einstein space with
SU(2) × SU(2) isometry. Its metric can be expressed using the Maurer–Cartan forms of
5
SU(2):
dΩ23 =
(
σ1
)2
+
(
σ2
)2
+
(
σ3
)2
(2.13)
with 
σ1 = sin ϑ sinψdϕ+ cosψ dϑ
σ2 = sin ϑ cosψdϕ− sinψ dϑ
σ3 = cos ϑdϕ+ dψ;
0 ≤ ϑ ≤ π, 0 ≤ ϕ ≤ 2π, 0 ≤ ψ ≤ 4π are the Euler angles.
A hyperbolic four-space H4 is a negative-curvature, maximally symmetric Einstein space.
It is a foliation over three-spheres and its metric reads:
ds2H4 =
dr2
1+ k2r2
+ k2r2dΩ23.
(we assumed Rab = −3k2gab for H4). The conformal boundary of H4 is reached at r → ∞ as
ds2H4 −→r→∞ k
2r2dΩ23.
In this sense, the round three-sphere is filled-in with H4, the latter being the only regular
metric filling-in this three-dimensional space.
The natural question to ask in view of the above is how to fill-in the more general Berger
sphere S3, which is a homogeneous but non-isotropic deformation of (2.13):
dΩ2S3 =
(
σ1
)2
+
(
σ2
)2
+ 4n2k2
(
σ3
)2
(2.14)
with nk constant. This metric is invariant under SU(2) × U(1), respectively generated by
the Killings 
ξ1 = − sin ϕ cot ϑ ∂ϕ + cos ϕ ∂ϑ + sin ϕsin ϑ ∂ψ
ξ2 = cos ϕ cot ϑ ∂ϕ + sin ϕ ∂ϑ − cos ϕsin ϑ ∂ψ
ξ3 = ∂ϕ,
and ∂ψ.
LeBrun studied the filling-in problem in general terms [8] and showed that an analytic
three-metric can be regularly filled-in by a four-dimensional Einstein space that has self-dual
(or anti-self-dual) Weyl tensor, i.e. by a quaternionic space. In modern holographic words,
LeBrun’s result states that requiring regularity makes the boundary metric a sufficient piece
of data for reconstructing the bulk. Regularity translates into conformal self-duality, which
effectively reduces by half the independent Cauchy data of the problem, as we will see in
Sect. 3.2.
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2.3 A concrete example
LeBrun’s analysis is very general. We can illustrate it in the specific example of the Berger
sphere S3. We search therefore a four-dimensional foliation over S3, which is Einstein. This
leads to the Bianchi IX Euclidean Schwarzschild–Taub–NUT family on hyperbolic space (i.e.
with Λ = −3k2):
ds2 =
dr2
V(r)
+
(
r2 − n2) ((σ1)2 + (σ2)2)+ 4n2V(r) (σ3)2 (2.15)
with
V(r) =
1
r2 − n2
[
r2 + n2 − 2Mr+ k2
(
r4 − 6n2r2 − 3n4
)]
, (2.16)
where M and n are the mass and nut charge. Clearly themetric fulfills the boundary require-
ment since
ds2 −→
r→∞ r
2dΩ2S3 ,
where dΩ2
S3
is given in (2.14).
The family of solutions at hand depends on 2 parameters, M and n, of which only the
second remains visible on the conformal boundary. In that sense, the bulk is not fully deter-
mined by the boundary metric. However, regularity is not always guaranteed either, as ds2
is potentially singular at r = +n or r = −n (depending on whether the range for r is chosen
positive or negative). Actually, this locus coincides with the fixed points of the Killing vector
∂ψ, generating the extra U(1).6 In the present case, these are nuts and they are removable
provided the space surrounding them is locally flat.
In order to make the above argument clear, let us focus for concreteness on r = n (as-
suming thus r > 0), write r = n + ǫ and expand the metric using momentarily ǫ as radial
coordinate:
ds2 ≈ dǫ
2
V(n) + ǫV ′(n)
+ 2nǫ
(
dϑ2 + sin2 ϑdϕ2
)
+4n2
(
V(n) + ǫV ′(n)
)
(dψ+ cos ϑdϕ)2 . (2.17)
Clearly to reconstruct locally flat space we must impose V(n) = 0 and V ′(n) = 1/2n. The
first of these requirements is equivalent to
M = n
(
1− 4k2n2) , (2.18)
and makes the second automatically satisfied. Under (2.18) and with τ = 2
√
2nǫ (proper
6In four dimensions, the fixed locus of an isometry is either a zero-dimensional or a two-dimensional space.
The first case corresponds to a nut, the second to a bolt, and both can be removable singularities under appro-
priate conditions (see [28] for a complete presentation).
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time), Eq. (2.17) reads:
ds2 ≈ dτ2 + τ
2
4
(
dψ2 + dϕ2 + dϑ2 + 2 cos ϑ dψ dϕ
)
,
which is indeed R4.
We can similarly analyze the behavior around r = −n. We then reach the same conclu-
sion, with an overall change of sign in condition (2.18). These conditions are nothing but
conformal (anti-)self-duality requirements, as we see by computing the Weyl components of
the curvature,W±, in the decomposition (2.7):
W± =
M∓ n(1− 4k2n2)
(r∓ n)3
−1 0 00 −1 0
0 0 2
 .
The regularity requirement for the family of Einstein spaces (2.15) is thus equivalent to de-
mand the space be quaternionic. In that case, the boundary metric contains enough infor-
mation for determining the bulk and solving thereby the filling-in problem for the Berger
sphere.
For the quaternionic Schwarzschild–Taub–NUT geometries (2.15) with (2.18), the func-
tion V(r) in (2.16) reads:
V(r) =
r− n
r+ n
[
1+ k2(r− n)(r+ 3n)] .
These geometries belong to the general class of Calderbank–Pedersen [19], which is the fam-
ily of quaternionic spaces with at least two commuting Killing fields.7 They belong to a wide
web of structures, and are in particular conformal to a family of spaces, which are Kähler and
Weyl-anti-self-dual with vanishing scalar curvature, known as LeBrun geometries [29]. The
limit n → ∞ deserves a particular attention, as it corresponds to the pseudo-Fubini–Study8
metric on C˜P2 =
SU(2,1)
U(2)
. Further holographic properties of these geometries can be found
in [30, 31].
3 Weyl self-duality from the boundary
The filling-in problem was presented as the ancestor of holography in the sense that (i) it
poses the problem of reconstructing the bulk out of the boundary and (ii) it raises the issue
of regularity as a mean to relate a priori independent boundary data. The bonus is that in the
7The metrics at hand are sometimes called spherical Calderbank–Pedersen, because they possess in total four
Killings, of which three form an SU(2) algebra.
8This is the non-compact Fubini–Study. The ordinary Fubini–Study corresponds to the compact CP2 =
SU(3)
U(2)
and has positive cosmological constant.
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present Euclidean approach, regularity condition appears as conformal self-duality require-
ment, which in turn makes Einstein’s equations integrable and the bulk an exact solution.
The natural question to ask at this stage is how the bulk Weyl self-duality gets manifest
on the boundary. In order to answer, we must perform a clear analysis of the indepen-
dent boundary data following Fefferman–Graham approach and recast in these data the
self-duality requirement.
3.1 The Fefferman–Graham expansion
The work of LeBrun [8], quoted previously in the framework of the filling-in problem, led
Fefferman and Graham to set up a systematic expansion for Einstein metrics in powers of a
radial coordinate [32, 33]. The infinite set of coefficients are data of the boundary, expressed
in terms of two independent ones: gµν and Fµν. From a Hamiltonian perspective, with the
radial coordinate as evolution parameter, gµν and Fµν are Cauchy data of “coordinate” and
“momentum” type. The former is of geometric nature, the latter is not. In the holographic
language, gµν corresponds to a non-normalizable mode and is the boundary metric, whereas
Fµν is related to a normalizable operator and carries information on the energy–momentum-
tensor expectation value of the boundary field theory:
Tµν =
3k
8πGN
Fµν, (3.1)
where GN is four-dimensional Newton’s constant.
The method of Fefferman–Graham is well suited for holography and has led to impor-
tant developments (see e.g. [34–36]). It nicely fits the gravito-electric/gravito-magnetic split
Hamiltonian formalism of four-dimensional gravity [37, 38]. In the Euclidean, this formal-
ism is basically adapted to the self-dual/anti-self-dual splitting of the gravitational degrees
of freedom presented in Sect. 2.1.
Let us summarize here the basic facts, leaving aside the rigorous and complete exhibition
that can be found in the above references. In Palatini formulation, the four-dimensional
(bulk) Einstein–Hilbert action reads:
IEH = − 1
32πGN
∫
M
ǫabcd
(
Rab + k
2
2
θa ∧ θb
)
∧ θc ∧ θd.
As we already mentioned, θa, a = r,λ are basis elements of a coframe, orthonormal with
respect to the signature (+η + +). The first direction r is the holographic one, and x ≡
(t, x1, x2) are the remaining coordinates, surviving on the conformal boundary – with t ≡ x3
in the Euclidean instance (η = +).
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The most general form for the coframe is
θr = N
dr
kr
, θλ = Nλdr+ θ˜λ,
whereas the Levi–Civita connection generally reads:
ωrλ = qrλdr+Kλ, ωµν = −ǫµνλ
(
Qλ
dr
kr
+ Bλ
)
.
Without loss of generality, we can make the following gauge choice:
N = 1, Nµ = qrµ = Qρ = 0,
leading to the Fefferman–Graham form for the bulk metric:
ds2 =
dr2
k2r2
+ ηµνθ˜
µ θ˜ν. (3.2)
The connection is encapsulated in Kµ and Bλ. In Euclidean signature (η = +), these are
vector-valued (with respect to the holonomy SO(3) subgroups) connection one-forms, re-
lated to the (anti-)self-dual ones introduced in (2.4):
Kλ = Aλ + Σλ, Bλ = Aλ − Σλ. (3.3)
The zero-torsion condition (2.3) translates in this language intoKλ ∧ θ˜λ = 0dθ˜λ = 1krKλ ∧ dr− ǫλµνBµ ∧ θ˜ν. (3.4)
With the present choice of gauge, all relevant information on the bulk geometry is stored
inside
{
θ˜λ,Kλ,Bλ}. Assuming the metric be Einstein, leads to a very specific r-expansion of
these vector-valued one-forms, in terms of the boundary data. This is the Fefferman–Graham
expansion:
θ˜λ(r, x) = kr Eλ(x) +
∞
∑
ℓ=0
1
(kr)ℓ+1
Fλ[ℓ+2](x), (3.5)
Kλ(r, x) = −k2r Eλ(x) + k
∞
∑
ℓ=0
ℓ+ 1
(kr)ℓ+1
Fλ[ℓ+2](x), (3.6)
Bλ(r, x) = Bλ(x) +
∞
∑
ℓ=0
1
(kr)ℓ+2
Bλ[ℓ+2](x). (3.7)
The boundary data are vector-valued one-forms. They are not all independent, and higher
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orders are derivatives of lower orders (we will meet an example of this “horizontal” relation-
ship in a short while). Furthermore, due to the zero-torsion condition (3.4), further “vertical”
relations exist order by order amongst the three sets. This is manifest when comparing (3.5)
and (3.6), where the relations are algebraic. The forms in (3.5) and (3.7) are also related, in a
differential manner, though.
The form Eλ is the boundary coframe. It is the first independent coefficient and it allows
to reconstruct the three-dimensional boundary metric:
ds2bry. = limr→∞
ds2
k2r2
= ηµνE
µEν.
The one-form Bµ appearing in the expansion of the magnetic component of the bulk connec-
tion, Eq. (3.7), is the boundary Levi–Civita connection, differentially related to the coframe
(boundary zero-torsion condition):
dEλ = ǫλµνBν ∧ Eµ.
Other forms such as F
µ
[2]
= F
µ
[2]ν
Eν or B
µ
[2]
= B
µ
[2]ν
Eν are also geometric, respectively related to
the Schouten and Cotton–York tensors:9
Sµν = −2k2Fµν
[2]
, Cµν = 2k2B
µν
[2]
. (3.8)
There is again a differential relationship among the two, following basically from the bulk
zero-torsion condition (3.4), since by definition
Cµν = ηµρσ∇ρSνσ (3.9)
(ηµρσ = ǫµρσ/
√
|g|).
Other curvature tensors of arbitrary order appear in the Fefferman–Graham expansion,
all differentially related to the ones already described above. These tensors do not exhaust,
however, all coefficients of the series (3.5), (3.6) and (3.7), as some infinite sequences of those
are not of geometric nature, i.e. are not determined by the boundary metric itself (or by
the coframe Eµ). Instead, they follow differentially from the second independent piece of
data, Fµ ≡ Fµ
[3]
, related to the energy–momentum expectation value according to (3.1). The
interested reader will find a more complete exhibition of the Fefferman–Graham expansion
in the literature, and particularly in [37, 38] for the gravito-electric/gravito-magnetic split
formalism.
9In three dimensions, the Schouten tensor is defined as Sµν = Rµν − R4 gµν, whereas the Cotton–York tensor
is the Hodge-dual of the Cotton tensor, defined in Eq. (3.9). The latter replaces the always vanishing three-
dimensional Weyl tensor. In particular, conformally flat boundaries have zero Cotton tensor and vice versa.
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3.2 Self-duality and its Lorentzian extension
Riemann self-duality A word on Riemann self-duality is in order at this stage, before ex-
ploring the more subtle issue of Weyl self-duality.
Demanding the Riemann tensor be (anti-)self-dual (see end of Sect. 2.1) guarantees Ricci
flatness and Weyl (anti-)self-duality. Such a requirement on the curvature is easily trans-
ported to the connection, using Eq. (2.6): the anti-self-dual connection Kµ + Bµ (see Eq.
(3.3)) of a self-dual Riemann is either vanishing or a pure gauge (flat). This basically re-
moves the corresponding degrees of freedom and gives an easy way to handle the problem
via first-order differential equations.
The case of Bianchi foliations along the radial (holographic) direction, as the example
we described in Sect. 2.3, has been largely analyzed in the literature (see [27] for a general
discussion, [39] for Bianchi IX, or [40–42] for a more recent general and exhaustive Bianchi
analysis). The requirement of (anti-)self-dual Riemann leads to the following equation:
Kµ ± Bµ = λµνσν, (3.10)
where σν are the Maurer–Cartan forms of the Bianchi group, and λµν a constant matrix pa-
rameterizing the homomorphisms mapping SO(3) onto the Bianchi group. Expressing Kµ
and Bµ in terms of the metric, (3.10) provides a set of first-order differential equations that
have usually remarkable integrability properties. For concreteness, in the case of Bianchi
IX (SO(3)) foliations, λµν = 0 or δµν. The former case leads to the Lagrange equations,
whereas the latter to the Darboux–Halphen system. Both systems are integrable, with cel-
ebrated solutions such as Eguchi–Hanson or BGPP for the first [2, 3, 43], and Taub–NUT or
Atiyah–Hitchin for the second [1, 4].
Weyl self-duality Demanding Weyl (anti-)self-duality is not sufficient for setting Kµ ± Bµ
as a pure gauge (flat connection). In the case of Bianchi foliations e.g. Eq. (3.10) is still
valid but λµν is a function of the radial coordinate r, and satisfies a first-order differential
equation. The general structure of this equation (independently of any ansatz such as a
Bianchi foliation) imposes a certain behavior and this is how Weyl (anti-)self-duality affects
boundary conditions in a way that becomes transparent in the Fefferman–Graham large-r
expansion.
We are specifically interested in quaternionic spaces, which are Einstein and conformally
(anti-)self-dual. Thanks to the on-shell Weyl tensor (2.10), these requirements are simply
either Wˆ+λ = 0 (anti-self-dual) or Wˆ−λ = 0 (self-dual). Expressions (2.11) and (2.12), com-
bined with (2.6) and (3.3)–(3.7), allow to establish the effect of Weyl (anti-)self-duality on the
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boundary one-forms. This appears as a hierarchy of algebraic equations10
k
[
(ℓ+ 2)2 − 1] Fλ[ℓ+3]± (ℓ+ 2)Bλ[ℓ+2] = 0, ∀ℓ ≥ 0
(the upper + sign corresponds to the self-dual case), of which only the first is independent:
3kFλ[3] ± 2Bλ[2] = 0. (3.11)
The others follow from the already existing horizontal differential relationships. This al-
gebraic equation between a priori independent boundary data is at the heart of conformal
self-duality. In terms of the boundary energy–momentum and Cotton tensors (see (3.1) and
(3.8)), Eq. (3.11) reads:
8πGNk
2Tµν ± Cµν = 0. (3.12)
Several important comments are in order at this stage. Firstly, referring to the original
problem of Sect. 2.2, Eq. (3.11) provides the filling-in boundary condition for some a priori
given boundary metric (not necessarily a three-sphere as originally studied in [8]). This
condition tunes algebraically the Cauchy data (“initial position” and “initial momentum”),
in such a way that any boundary metric can be filled-in regularly. Following the intuition
developed in the example of Sect. 2.3, we may slightly relax this condition and trade it for
wTµν + Cµν = 0, (3.13)
where we now allow for any real w and not solely w = ±8πGNk2. The filling-in is still
expected to occur, without guaranty for the regularity though.
Secondly, as discussed in the introduction, duality is underlying integrability. This state-
ment is clear in the case of Riemann self-duality, where the key is the reduction of the differ-
ential order of the equations. For conformal self-duality it operates via an appropriate tuning
of the boundary conditions, the effect of which would be better qualified as exactness rather
than integrability: the equations of motion are not simplified, but the initial conditions select
a specific corner of the phase space, which enables for exact solutions to emerge, i.e. for the
Fefferman–Graham series to be resummable. Furthermore, even though self-duality (Rie-
mann or Weyl) does not apply to the Lorentzian frame,11 condition (3.13) remains consistent
10When dealing with the Fefferman–Graham expansion together with Einstein dynamics, attention should be
payed to the underlying variational principle. This sometimes requires Gibbons–Hawking boundary terms to
be well posed. In the Hamiltonian language, these terms are generators of canonical transformations and in
AdS/CFT their effect is known as holographic renormalization. These subtleties are discussed in [37, 38, 44–47],
together with the specific role of the Chern–Simons boundary term, which produces the boundary Cotton tensor,
and in conjunction with Dirichlet vs. Neumann boundary conditions. One should also quote the related works
[48, 49], in the linearized version of gravitational duality though.
11In four-dimensional metrics with Lorentzian signature, self-duality leads either to complex solutions, or to
Minkowski and AdS4, which are both self-dual and anti-self-dual (they have vanishing Riemann and vanishing
Weyl, respectively).
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for a Lorentzian boundary, and is expected, following our heuristic arguments, to guarantee
the resummability of the Fefferman–Graham expansion and lead to exact solutions. This is
not a theorem, much like everything regarding the relationship between integrability and
self-duality in general, but the idea seems to work, as we will see in Sect. 4.2.
Our last comment concerns the potential developments around Eq. (3.13), already an-
nounced, and discussed, in the introduction (Eq. (1.1)). This equation is a boundary condi-
tion, which, however, can follow from a three-dimensional variational principle. In order to
enforce it via this principle, we must equip the boundary field theory with specific dynam-
ics that incorporates three-dimensional gravity, in the form of a topological massive term, as
suggested by Eqs. (1.2) and (1.3). The first term in S is the phenomenological holographic
matter action, whereas the second is the Chern–Simons termwithω3 the Lagrangian density
given in terms of the boundary connection one-form γ:
ω3(γ) =
1
2
Tr
(
γ ∧ dγ+ 2
3
γ ∧ γ ∧ γ
)
.
Conceptually, this is a non-trivial step as holography is not supposed a priori to endow the
boundary theory with gravitational dynamics. It raises three questions:
1. What are the allowed boundary geometries, given certain assumptions on the energy–
momentum tensor ?
2. What are the bulk geometries that reproduce holographically the boundary data? Are
those exact Einstein spaces, i.e. is the corresponding Fefferman–Graham expansion re-
summable in accordance with the above discussion ?
3. Are there situations where gravitational degrees of freedom emerge?
We will answer questions 1 and 2, at least in some specific framework, leaving open inter-
esting extensions. As we will see, in some situations, the boundary geometry is really a
topologically massive gravity vacuum – as if the three-dimensional Einstein–Hilbert term
were effectively present in (1.3). We will not delve into question 3, because this is a def-
initely different direction of investigation. The interested reader may find Ref. [46] useful
and inspiring regarding that issue.
4 Application to holographic fluids
The purpose of the present part is to answer questions 1 and 2 raised in Sect. 3.2. Solving
Eq. (3.13) is possible, provided some assumptions are made both on the energy–momentum
tensor, and on the boundary metric. These assumptions are motivated by our goal to probe
transport coefficients for holographic fluids, without performing linear-response analysis.
For that we must study equilibrium configurations of the fluid in various exact non-trivial
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backgrounds and design accordingly the boundary data. These satisfy Eq. (3.13) and are
integrable i.e. the corresponding Fefferman–Graham expansion is resummable.
4.1 Fluids at equilibrium in Papapetrou–Randers backgrounds
Hydrodynamic description A given bulk configuration (geometry possibly supplemented
with other fields) provides a boundary geometry, and a finite-temperature and finite-density
state of the – generally unknown – microscopic boundary theory. It has expectation value
Tµν for the energy–momentum tensor, satisfying
∇µTµν = 0, (4.1)
and possibly other conserved currents. This state may be close to a hydrodynamic configu-
ration and is potentially described within the hydrodynamic approximation. This assumes,
among others, local thermodynamic equilibrium. For this description to hold, it is necessary
that the scale of variation of the diverse quantities describing the fluid be large compared
to any microscopic scale (such as the mean free path). We will work in this framework and
furthermore suppose the fluid neutral, as the only bulk degrees of freedom are gravitational
in our case.
The relativistic fluid is described in terms of a velocity field u(x), as well as of local
thermodynamic quantities like T(x), p(x), ε(x), s(x), obeying an equation of state and ther-
modynamic identities sT = ε+ pdε = Tds.
All these enter the energy–momentum tensor. The energy–momentum tensor of a neu-
tral hydrodynamic system can be expanded in derivatives of the hydrodynamic variables,
namely
Tµν = T
µν
(0)
+ T
µν
(1)
+ T
µν
(2)
+ · · · , (4.2)
where the subscript denotes the number of covariant derivatives. The validity of this deriva-
tive expansion is subject to the above assumptions regarding the scale of variation. The ze-
roth order energy–momentum tensor is the so called perfect-fluid energy–momentum ten-
sor:
T
µν
(0)
= εuµuν + p∆µν, (4.3)
where ∆µν = uµuν+ gµν is the projector onto the space orthogonal to u. This corresponds to a
fluid being locally in equilibrium, in its proper frame.12 The conservation of the perfect-fluid
12Defining the local proper frame, i.e. the velocity field u, is somewhat ambiguous in relativistic fluids. A
possible choice is the Landau frame, where the non-transverse part of the energy–momentum tensor vanishes
when the pressure is zero. This will be our choice.
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energy–momentum tensor leads to the relativistic Euler equations:∇uε+ (ε+ p)Θ = 0∇⊥p+ (ε+ p)a = 0, (4.4)
where∇u = u · ∇, Θ = ∇ · u,∇⊥µ = ∆ νµ ∇ν, and a = u · ∇u (more formulas on kinematics
of relativistic fluids are collected in App. A).
The higher-order corrections to the energy–momentum tensor involve the transport co-
efficients of the fluid. These are phenomenological parameters that encode the microscopic
properties of the underlying system. Listing them order by order requires to classify all
transverse tensors (possibly limited to traceless and Weyl-covariant if the microscopic the-
ory is conformally invariant) and this depends on the space–time dimension.13 In the con-
text of field theories, the transport coefficients can be determined from studying correlation
functions of the energy–momentum tensor at finite temperature in the low-frequency and
low-momentum regime (see for example [54]).
Equilibrium and perfect equilibrium Studying fluids at equilibrium on non-trivial back-
grounds can provide information on their transport properties. A fluid in global thermo-
dynamic equilibrium14 is described by a stationary solution15 of the relativistic equations
of motion (4.1), assuming that such solutions exist. Finding solutions to these equations is
generally a hard task, in particular because most of the transport coefficients are unknown.
As it will become clear in a short while, the concept of perfect equilibrium provides a natural
way out, giving access to non-trivial information about transport properties.
The prototype example, where global thermodynamic description applies, is the one of
an inertial fluid in Minkowski background with globally defined constant temperature, en-
ergy density and pressure. In this case, irrespective of whether the fluid itself is viscous, its
energy–momentum tensor, evaluated at the solution, takes the zeroth-order (perfect) form
(4.3) because all derivatives of the hydrodynamic variables vanish. On the one hand, this
equilibrium situation is easy to handle because the relevant equations are the zeroth-order
ones, (4.4); on the other hand, it does not allow to learn anything about transport properties
because the effect of transport is washed out by the geometry itself. If we insist keeping
Minkowski as a background, the only way, which would give access to the transport coeffi-
13We recommend Refs. [50, 51] for a recent account of that subject. Insightful information was also made
available thanks to the developments on fluid/gravity correspondence [52, 53].
14This should not be confused with a steady state, where we have stationarity due to a balance between
external driving forces and internal dissipation. Such situations will not be discussed here.
15It is admitted that a non-relativistic fluid is stationary when its velocity field is time-independent. This is of
course an observer-dependent statement. For relativistic fluids, one could make this more intrinsic saying that
the velocity field commutes with a globally defined time-like Killing vector, assuming that the later exists. Note
also that statements about global thermodynamic equilibrium in gravitational fields are subtle and the subject
still attracts interest [55].
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cients, is to perturb the fluid away from its global equilibrium configuration.
Although naive, the equilibrium paradigm in Minkowski has the virtue to suggest an
alternative general method that may fit certain classes of fluids. It indeed raises a less naive
question: are there other situations of fluids on gravitational backgrounds, where the hydro-
dynamic description is also perfect i.e. the energy–momentum tensor, in equilibrium, takes
the perfect form (4.3) solving Eqs. (4.4)?
As anticipated, we call these special configurations perfect-equilibrium states. For these
configurations to exist, all terms in (4.2), except for the first one, must vanish, either because
the transport coefficients are zero, or because the corresponding tensors vanish kinemat-
ically – requiring in particular a special relationship between the fluid’s velocity and the
background geometry. It should be stressed that the fluid in perfect equilibrium is not per-
fect – the equilibrium is.
At this stage of the presentation, the question to answer is whether fluids exist, which
can exhibit, on certain backgrounds, perfect-equilibrium configurations. Holography and
the methods discussed in Sects. 2 and 3 for finding exact bulk solutions provide the tools for
this analysis. The strategy to follow is straightforward:
• Choose a class of backgrounds possessing a time-like Killing vector ξ.
• Assume perfect equilibrium and show that indeed perfect Euler Eqs. (4.4) are solved
for a conformal fluid i.e. for a fluid such that ε = 2p. A hint for solving them is to
impose that the fluid velocity field u is aligned with ξ.
• Impose the “self-duality” condition (3.13) and restrict the family of backgrounds at
hand. The three-dimensional geometries obtained in that way are called perfect geome-
tries because their Cotton–York tensor is of the perfect-fluid form.
• Use the Fefferman–Graham expansion to reconstruct the four-dimensional bulk geom-
etry, hoping indeed that Eq. (3.13) acts as an integrability condition, allowing for re-
summation of the series into an exact Einstein space. This is crucial for sustaining the
claim that we are describing a holographic conformal fluid behaving exactly as a perfect
fluid.
If this procedure goes through with genuinely non-trivial geometries, it enables us to
probe transport properties of the holographic fluid despite its global equilibrium state: all
transport coefficients coupled toWeyl-covariant, traceless and transverse tensors Tµν that are
non-vanishing and whose divergence is also non-vanishing, when evaluated in the perfect-
equilibrium solution, must be zero. We call such tensors dangerous tensors. Listing them
requires the knowledge of the specific perfect geometry and of the kinematic configuration
of the fluid.16 Any fluid, which would have non-vanishing corresponding transport coeffi-
cient, would not be in equilibrium in the configuration at hand. This may occur for transport
16More data are available on the dangerous tensors in certain classes of geometries in [23].
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coefficients of any order in the expansion of the energy–momentum tensor, as dangerous ten-
sors appear at arbitrarily large derivative order. Therefore the insight gained in this manner
on the transport properties of the holographic fluid, concerns usually infinite series of coef-
ficients. This is a non-trivial piece of information about the conformal fluid at hand, and a
statement about the underlying microscopic theory.
There are non-trivial backgrounds (Minkowski space being a trivial example) where no
dangerous tensors are present. However, one can also find a large class of backgrounds
with a unique time-like Killing vector field, which have infinitely many non-zero dangerous
tensors; those allow to probe an infinite number of transport coefficients. It is not clear at
present whether all these backgrounds exhaust the perfect geometries. Nevertheless, the
question of whether our analysis regarding all possible transport coefficients is exhaustive
or not requires more work. It is clear that further insight on this matter can only be gained
by perturbing the perfect-equilibrium state.
Perfect equilibrium in Papapetrou–Randers backgrounds A stationary three-dimensional
metric can be written in the generic form (x =
(
x1, x2
)
and i, j, . . . = 1, 2)
ds2 = B(x)2
(
−(dt− bi(x)dxi)2 + aij(x)dxidxj
)
, (4.5)
where B, bi, aij are space-dependent but time-independent functions. These metrics were
introduced by Papapetrou in [56]. They will be called hereafter Papapetrou–Randers because
they are part of an interesting network of relationships involving the Randers form [57].
These metrics admit a generically unique time-like Killing vector, ξ ≡ ∂t, with norm ‖ξ‖2 =
−B(x)2.
At this stage of the analysis, we would like to restrict ourselves to the case where the
Killing vector is normalized, i.e. where B is constant and can therefore be consistently set to
1. This is a severe limitation, because it excludes equilibrium situations where the tempera-
ture or the chemical potential are x-dependent.17 However, it illustrates the onset of perfect
equilibrium configurations, and allows to establish a wide class of perfect geometries, inti-
mately connected with holography.
In the background (4.5) (with B = 1), the vector ξ = ∂t, satisfies
∇(µξν) = 0, ξµξµ = −1.
We leave as an exercise to show that congruences defined by ξ have vanishing acceleration,
17Remember that inside a stationary gravitational field, under certain conditions, global thermodynamic equi-
librium requires T
√−g00 be constant [58]. Here √−g00 = B. Holographically, if the rescaling of the boundary
metric by B(x) (as in (4.5)) is accompanied with an appropriate rescaling of the energy–momentum tensor, the
bulk geometry is unaffected, and B(x) is generated by a bulk diffeomorphism.
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shear and expansion (see App. A), but non-zero vorticity18 ω = 12dξ ⇔ ωµν = ∇µξν. Then,
it is easy to show that a solution of the perfect Euler equations (4.4), for a conformal fluid is:
u = ξ, ε = 2p = constant, T = constant, s = constant. (4.6)
Therefore a fluid in perfect equilibrium will align its velocity field19 u with the vector ξ = ∂t,
while thermalize at everywhere-constant p and T. Fluid worldlines form a shearless and
expansionless geodesic congruence.
The normalized three-velocity one-form of the fluid at perfect equilibrium is
u = −dt+ b, (4.7)
where b = bidx
i. We will often write the metric (4.5) as
ds2 = −u2 + dℓ2 dℓ2 = aij dxidxj. (4.8)
A conformal fluid in perfect equilibrium on Papapetrou–Randers backgrounds has the energy–
momentum tensor
T
(0)
µν dx
µdxν = p
(
2u2 + dℓ2
)
(4.9)
with the velocity form being given by (4.7) and p constant. We will adopt the convention
that hatted quantities will be referring to the two-dimensional positive-definite metric aij,
therefore ∇ˆ for the covariant derivative and Rˆij dxidxj = Rˆ2 dℓ2 for the Ricci tensor built out of
aij. We collect in App. B some useful formulas regarding Papapetrou–Randers backgrounds
and the kinematics of fluids at perfect equilibrium.
Let us close this chapter by insisting oncemore on themeaning of the perfect-equilibrium
configuration (4.6) for a conformal fluid that is not a priori perfect. For this configuration to
be effectively realized, all higher-derivative corrections in (4.2) must be absent. It is easy to
check that this is indeed the case for the first corrections, which in the 2+ 1-dimensional case
under consideration read:
T
µν
(1)
= −2ησµν − ζHηρλ(µuρσ ν)λ . (4.10)
The first term in (4.10) involves the shear viscosity η, which is a dissipative transport coef-
ficient. The second is present in systems that break parity and involves the non-dissipative
18Vorticity is inherited from the fact that ∂t is not hypersurface-orthogonal. For this very same reason,
Papapetrou–Randers geometries may in general suffer from global hyperbolicity breakdown. This occurs when-
ever regions exist, where constant-t surfaces cease being space-like, and potentially exhibit closed time-like
curves. All these issues were discussed in detail in [20–22].
19One important point to note is that in perfect equilibrium we have no frame ambiguity in defining the
velocity field. Since the velocity field is geodesic and is aligned with a Killing vector field of unit norm, it
describes a unique local frame where all forces (like those induced by a temperature gradient) vanish.
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rotational-Hall-viscosity coefficient ζH. Notice that the bulk-viscosity term ζ∆
µνΘ or the
anomalous term ζ˜∆µνηαβγuα∇βuγ cannot appear in a conformal fluid because they are trace-
full, namely for conformal fluids ζ = ζ˜ = 0. Since the fluid congruence is shearless, the first
corrections (4.10) vanish. Demanding that higher-order corrections also vanish, on the one
hand, sets constraints on the transport coefficients coupled to the dangerous tensors that can
be constructed with the vorticity only; on the other hand, it leaves free many other coeffi-
cients, which couple to tensors vanishing because of the actual kinematic state of the fluid. If
the transport coefficients coupled to the dangerous tensors are non-zero, the geodesic fluid
congruence with constant temperature is not a solution of the full Euler equations (4.1).
The resolution of the latter alters the above perfect equilibrium state, leading in general to
u = ξ + δu(x) and T = T0 + δT(x). Such an excursion will be stationary or not depend-
ing on whether the non-vanishing corrections to the perfect energy–momentum tensor are
non-dissipative or dissipative.
4.2 Perfect-Cotton geometries and their bulk ascendents
The strategy The analysis presented in Sect. 4.1 is useful if there exist conformal fluids,
which are indeed in perfect equilibrium on a Papapetrou–Randers background. This is not
guaranteed a priori since it requires infinite classes of transport coefficients to vanish. Holog-
raphy provides the appropriate tools for addressing this problem. The strategy has already
been described above, and the remaining two steps are the following:
1. Impose condition (3.13) with perfect energy–momentum tensor and hence restrict the
Papapetrou–Randers geometries to thosewhich have aCotton–York tensor of the perfect-
fluid form (4.9):
Cµν =
c
2
(3uµuν + gµν), (4.11)
where c is a constant with the dimension of an energy density.20 This form is known in
the literature as Petrov class Dt.
21 Notice that the existence of perfect geometries is an
issue unrelated to holography.
2. Sum the Fefferman–Graham series expansion. It turns out that the bulk geometries ob-
tained in this way are exact solutions of Einstein’s equations: perfect-Cotton geometries
are boundaries of 3 + 1-dimensional exact Einstein spaces, and the resulting bound-
ary energy–momentum tensor is also of the perfect-fluid form. This shows that the
assumption of perfect equilibrium is well motivated, and the “self-duality” condition
(3.13) does indeed ensure integrability.
20We recall that ε has dimensions of energy density or equivalently (length)−3, therefore the energy–
momentum tensor and the Cotton–York tensor have the same natural dimensions.
21The subscript t stands for time-like and refers to the nature of the vector u. For an exhaustive review on
Petrov & Segre classification of three-dimensional geometries see [59] (useful references are also [60–62]).
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Classification of the perfect Papapetrou–Randers geometries Consider a metric of the
form (4.5) with B(x) = 1. Requiring its Cotton–York tensor (B.3) to be of the form (4.11) is
equivalent to impose the conditions:
∇ˆ2q+ q(δ− q2) = 2c, (4.12)
aij
(
∇ˆ2q+ q
2
(δ− q2)− c
)
= ∇ˆi∇ˆjq, (4.13)
Rˆ+ 3q2 = δ (4.14)
with δ being a constant relating the curvature of the two-dimensional base space, Rˆ, with the
vorticity strength q (see App. B for definitions and formulas).
It is remarkable that perfect-Cotton geometries always possess an extra space-like Killing
vector. To prove22 this we rewrite (4.12) and (4.13) as(
∇ˆi∇ˆj − 1
2
aij∇ˆ2
)
q = 0. (4.15)
Any two-dimensional metric can be locally written as
dℓ2 = 2e2Ω(z,z¯)dzdz¯, (4.16)
where z and z¯ are complex-conjugate coordinates. Plugging (4.16) in (4.15) we find that the
non-diagonal equations are always satisfied (tracelessness of the Cotton–York tensor), while
the diagonal ones read:
∂2zq = 2∂zΩ∂zq, ∂
2
z¯q = 2∂z¯Ω∂z¯q.
The latter can be integrated to obtain
∂zq = e
2Ω−2C¯(z¯), ∂z¯q = e2Ω−2C(z) (4.17)
with C(z) an arbitrary holomorphic function and C¯(z¯) its complex conjugate. Trading these
functions for
w(z) =
∫
e2C(z)dz, w¯(z¯) =
∫
e2C¯(z¯)dz¯,
and introducing new coordinates (X,Y) as
X = w(z) + w¯(z¯), Y = i (w¯(z¯)− w(z)) ,
we find using (4.17) that the vorticity strength depends only on X: q = q(X). Hence, (4.16)
reads:
dℓ2 =
1
2
∂Xq
(
dX2 + dY2
)
.
22I thank Jakob Gath for clarifying this point.
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This condition enforces the existence of an extra Killing vector. Finally we note that (4.14)
can be obtained by differentiating (4.12) with respect to X.
The presence of the space-like isometry actually simplifies the perfect-Cotton conditions
for Papapetrou–Randers metrics. Without loss of generality, we take the space-like Killing
vector to be ∂y and write the metric as
ds2 = − (dt− b(x)dy)2 + dx
2
G(x)
+ G(x)dy2. (4.18)
Thus
q = −∂xb,
and (4.12)–(4.14) can be solved in full generality. The solution is written in terms of 6 arbi-
trary parameters ci:
b(x) = c0 + c1x+ c2x
2, (4.19)
G(x) = c5 + c4x+ c3x
2 + c2x
3 (2c1 + c2x) . (4.20)
It follows that the vorticity strength takes the linear form
q(x) = −c1 − 2c2x, (4.21)
and the constants c and δ are given by:
c = −c31 + c1c3 − c2c4, (4.22)
δ = 3c21 − 2c3. (4.23)
Finally, the Ricci scalar of the two-dimensional base space is given by
Rˆ = −2 (c3 + 6c2x(c1 + c2x)) ,
and using (B.1) one can easily find the form of the three-dimensional scalar curvature as
well. Not all the six parameters ci correspond to physical quantities: some of them can be
just reabsorbed in a change of coordinates. In particular, we set here c0 = 0 by performing
the diffeomorphism t → t + p y, with constant p, which does not change the form of the
metric.
The bulk duals of the perfect geometries At this stage, the reader may wonder what the
interpretation of the parameters ci is. It is more convenient to answer that question after
unravelling the Einstein metrics that fit the boundary data (4.9), and (4.18) (with (4.19) and
(4.20)). As already advertised, with these boundary data, the Fefferman–Graham series is
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resummable because (4.9) and (4.11) satisfy the “self-duality” condition (3.13) with w = −c/ε.
The resulting exact Einstein space reads, in Eddington–Finkelstein coordinates (where grr =
0 and grµ = −uµ):
ds2 = −2u
(
dr− 1
2k2
G(x)∂xqdy
)
+ ρ2k2dℓ2
−
(
r2k2 +
δ
2k2
− q
2
4k2
− 1
ρ2
(
2Mr+
qc
2k6
))
u2 (4.24)
with
u = −dt+ b dy, (4.25)
ρ2 = r2 +
q2
4k4
. (4.26)
The various quantities appearing in (4.24)–(4.26), b(x), G(x), q(x), c and δ, are reported in
Eqs. (4.19)–(4.23). Notice also that a coordinate transformation is needed in order to recast
(4.24) in Boyer–Lindqvist coordinates, and a further one tomove to the canonical Fefferman–
Graham frame (3.2). Details can be found in [23], which we will not present here because
they lie beyond themain scope of these lectures. Even though r is not the Fefferman–Graham
radial coordinate, in the limit r → ∞, they both coincide. It is easy then to see that the
boundary geometry is indeed the stationary Papapetrou–Randers metric (4.8), (4.18), and
that the boundary energy–momentum tensor is of the perfect-fluid form with
ε =
Mk2
4πGN
.
Upon performing coordinate transformations and parameter redefinitions, one can show
that for c4 6= 0, the bulk metrics at hand belong to the general class of Plebañski–Demian`ski
type D, analyzed in [63]. For vanishing c4, depending on the other parameters, one finds
the flat-horizon solution of [64], or the rotating topological black hole of [65], or a set of
metrics, which were found (but still not fully studied) in [23]. All these solutions are AdS
black holes, which have mass M, nut charge n and angular velocity a. The acceleration
parameter, present in Plebañski–Demian`ski [63] is missing here. Actually, this parameter is
an obstruction to perfect-Cotton boundary (i.e. to Dt Petrov–Segre class), and this is why it
does not appear in our classification (see also [66]).
For all these metrics, the horizon is spherical, flat or hyperbolic.23 The isometry group
contains at least the time-like Killing vector ∂t and the space-like Killing vector ∂y. In the
absence of rotation, two extra Killing fields appear, which together with ∂y generate SU(2),
23This is a local property. In the flat or hyperbolic cases, a quotient by a discrete subgroup of the isome-
try group is possible and allows to reshape the global structure, making the horizon compact without conical
singularities (a two-torus for example).
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Heisenberg or SL(2,R). The bulk metric is then a foliation over Bianchi IX, II or VIII homo-
geneous geometries.
From the explicit form of the bulk space–time metric (4.24), we observe that it can have a
curvature singularity when ρ2 = 0. The locus of this singularity will then be at
r = 0, q(x) = 0.
It also has an ergosphere, where the Killing vector ∂t becomes null,
24 at r(x) solution of
r2k2 +
δ
2k2
− q
2
4k2
− 1
ρ2
(
2Mr+
qc
2k6
)
= 0.
We will not pursue any further this discussion on the bulk geometries. A thorough anal-
ysis of horizons, singularities or closed time-like curves can be found in the already quoted
literature. A last comment concerning these black holes should however be made in relation
with their symmetries: they are stationary and possess at least an additional spatial isometry.
This is a consequence of the perfect-Cotton structure of their boundary, and this is consis-
tent with the rigidity theorem in 3+ 1 dimensions, which requires all stationary black hole
solutions in flat space–time to have an axial symmetry. However, as far as we are aware, it
is not known if this theorem is valid for 3+ 1-dimensional asymptotically AdS stationary
black holes. The above analysis appears thus as an indirect and somehow unexpected hint
in favor of the rigidity theorem beyond asymptotically flat space–times.
Let us end this paragraph with an example, which generalizes (in Lorentzian signature)
the case (2.15) presented in Sect. 2.3: the AdS Kerr–Taub–NUT with spherical horizon. In
Boyer–Lindqvist coordinates this reads:
ds2 =
ρ2
∆r
dr2 − ∆r
ρ2
(dt+ βdϕ)2 +
ρ2
∆ϑ
dϑ2 +
sin2 ϑ∆ϑ
ρ2
(adt+ αdϕ)2 (4.27)
with
ρ2 = r2 + (n− a cos ϑ)2,
∆r = k
2r4 + r2(1+ k2a2 + 6k2n2)− 2Mr+ (a2 − n2)(1+ 3k2n2),
∆ϑ = 1+ k
2a cos ϑ(4n− a cos ϑ)
24The Killing vector ∂t is time-like and normalized at the boundary, where it coincides with the velocity field
of the fluid, but its norm gets altered along the holographic coordinate, towards the horizon.
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and
β = −2(a− 2n+ a cos ϑ)
Ξ
sin2 ϑ/2,
α = − r
2 + (n− a)2
Ξ
,
Ξ = 1− k2a2.
Back to the boundaries and transport properties The boundary physics depends on the
subset of those parameters among the cis, which are non-trivial. The boundary metric is in
general a function of two parameters, n and a, whereas M appears in the boundary energy–
momentum tensor. The bulk isometry group is conserved. Thus, in the absence of rotation
parameter a = 0, the boundary is a homogeneous and stationary space–time: squashed S3
(including e.g. Gödel space), squashed Heisenberg or squashed AdS3. The fluid undergoes
a homogeneous rotation (i.e. without center, monopolar) with constant vorticity strength q.
For non-vanishing a, the boundary space–time is stationary but has only spatial axial
symmetry. The vorticity is a superposition of a monopole and a dipole, and the fluid has now
a cyclonic rotation around the poles on top of the uncentered one.
We give for illustration the boundary metric of the Kerr–Taub–NUT space–time with
spherical horizon (4.27):
ds2bry. = − (dt+ βdϕ)2 +
1
k2∆ϑ
(
dϑ2 +
∆2ϑ
Ξ2
sin2 ϑ dϕ2
)
. (4.28)
For vanishing a, dℓ2 is an ordinary two-sphere and b = −βdϕ is a Dirac-monopole-like
potential. Switching-on a deforms axially the base space dℓ2, while it adds a dipole contri-
bution to b. From the perspective of transport in holographic fluids, the purpose is to list the
dangerous tensors carried by this kind of boundaries. The more tensors we have, the more
information we gain on vanishing transport coefficients: since the energy–momentum ten-
sor that emerges holographically is perfect, any transport coefficient coupled to a dangerous
tensor is necessarily zero.
For the boundary metric (4.28), the vorticity strength, the Cotton prefactor and the scalar
curvature read:
q = 2k2(n− a cos ϑ),
c = 2k4n
(
1+ k2
(
4n2 − a2)) ,
R = 2k2
(
1+ k2n2 + 10k2na cos ϑ+ k2a2
(
1− 5 cos2 ϑ)) .
We observe that, on the one hand, the nut charge n is responsible for the 2+ 1-dimensional
boundary not being conformally flat. The ordinary rotation parameter a, on the other hand,
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introduces a ϑ-dependence in q and R. This betrays the breaking of homogeneity due to
a: when a vanishes, the boundary is an squashed S3 with SU(2) ×R isometry, which is a
homogeneous space–time, and all of its scalars are constants.25
Coming back to the discussion on the dangerous tensors, we expect them to be more
numerous when less symmetry is present. Indeed, for vanishing a, all scalars are constant
and both the Riemann and the Cotton are combinations of uµuν and gµν with constant co-
efficients. Any covariant derivative acting on those will be algebrised in a similar fashion.
Thus
• all hydrodynamic scalars are constants,
• all hydrodynamic vectors are of the form Auµ with constant A, and
• all hydrodynamic tensors are of the form Buµuν + Cgµν with constant B and C.
Hence there exists no traceless transverse tensor that can correct the hydrodynamic energy–
momentum tensor in perfect equilibrium. In other words, there is no dangerous tensor.
Therefore, in the case of monopolar geometries, the symmetry is too rich and in such a
highly symmetric kinematical configuration, the fluid dynamics cannot be sensitive to any
dissipative or non-dissipative coefficient. As soon as a dipole component is added (a 6= 0), a
space-dependence emerges in the various scalars and tensors, and infinitely many danger-
ous tensors appear, which provide valuable information on the vanishing transport coeffi-
cients of the holographic fluid.
The above discussion provides a guide for the subsequent analysis. To have access to
more transport coefficients, we must perturb the geometry in a way organized e.g. as a
multipolar expansion: the higher the multipole in the geometry, the richer the spectrum
of transport coefficients that can contribute, if non-vanishing, to the state of the fluid. No
exact Einstein spaces are however available beyond dipole configuration (Kerr).26 Thus, this
programme lies outside of the present framework, as it requires to work with perturbed
bulk Einstein spaces, and handle fluid perturbations potentially bringing the fluid away
from perfect equilibrium.
5 Monopolar boundaries and topologically massive gravity
Monopolar geometries have been mentioned in Sect. 4.2 around the example (4.28), which
appears as the boundary of Taub–NUT Schwarzschild AdS black hole with spherical hori-
zon. This terminology is justified by the fact that the vorticity strength q is constant (like
25This family includes Gödel space–time (see [67, 68] for more information). The important issue of closed
time-like curves emerges as a consequence of the lack of global hyperbolicity. This was discussed in Refs. [20–
22], in relation with holographic fluids. When the bulk geometry has hyperbolic horizon, this caveat can be
circumvented.
26In 1919, Weyl exhibited multipolar Ricci-flat solutions, which do not seem extendible to the Einstein case
(see [69] for details).
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the strength of the magnetic field on a sphere surrounding a Dirac monopole). Within the
perfect-Cotton Papapetrou–Randers geometries (4.18), there is a whole class of monopolar
boundaries, obtained by setting c2 = 0 in (4.21). With constant q, using the general equations
(B.1) and (B.2) for Papapetrou–Randers, as well as (4.11)–(4.14) for perfect-Cotton geome-
tries, we find:
R = δ− 5q
2
2
,
Rµν dx
µdxν =
δ− q2
2
u2 +
(
δ
2
− q2
)
ds2,
Cµν dx
µdxν =
q
4
(
δ− q2) (3u2 + ds2) .
These expressions can be combined into
Rµν − R
2
gµν + λgµν =
1
µ
Cµν (5.1)
with
λ =
δ
6
− 5q
2
12
, µ =
3q
2
.
Expression (5.1) shows that monopolar geometries solve the topologically massive grav-
ity equations [24] for appropriate constants λ and µ. This is not surprising, as it is a known
fact that, for example, squashed anti-de-Sitter or squashed three-spheres solve topologically
massive gravity equations [59–62]. However, what is worth stressing here is that reversing
the argument and requiring a generic Papapetrou–Randers background (4.5) to solve (5.1)
leads necessarily to a monopolar geometry. We leave as an exercise to set that result.27
As already advertised, the topological mass term (resulting from the Chern–Simons ac-
tion in (1.3)) appears explicitly, in the cases under consideration, as part of topologically
massive gravity equations. The reader might be puzzled by this connection. The 2 + 1-
dimensional geometries analyzed here are not supposed to carry any gravity degree of free-
dom since they are ultimately designed to serve as holographic boundaries. Hence, the
emergence of topologically massive gravity should not a priori be considered as a sign of
dynamics. Nevertheless, as for the general “self-dual” case (Eqs. (3.13) obtained by varying
(1.3)), we should leave open the option of introducing some topologically massive graviton
dynamics on the boundary. This approach should not be confused with that of some recent
works [70, 71], where topologically massive gravity and its homogeneous solutions play the
role of bulk geometries. Investigating the interplay between these two viewpoints might be
27Use the expression for the Ricci tensor for Papapetrou–Randers geometries (B.2), impose tracelessness and
extract λ. Then use (B.3) and (4.20) and conclude that q must be constant and related to µ. Combine these
results and reach the conclusion that all solutions are fibrations over a two-dimensional space with metric dℓ2
of constant curvature Rˆ = 6λ − 2µ2/9. They are thus homogeneous spaces of either positive (S2), null (R2) or
negative curvature (H2).
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of some relevance.
6 Outlook
Modified versions of Einstein’s gravity are of interest primarily in cosmology. The aim of
the present lectures is to set a bridge with a somewhat less expected area of applications,
namely holography. Prior to holography we actually find, in four-dimensional Euclidean
framework, quaternionic spaces. These, from the Fefferman–Graham viewpoint, require a
boundary condition, which is obtained holographically as the extremization of
S = Sholographic matter + SChern–Simons. (6.1)
Assuming homogeneity for the boundary metric, further restricts (6.1) to the topologically
massive gravity action, as shown in the last paragraph of these notes. Although, at this stage,
only the extremum of this action is relevant, investigating boundary graviton dynamics in
holographic set-ups might prove interesting in the future.
Translating the bulk Weyl self-duality condition into boundary data opens up the pos-
sibility to make it applicable for Lorentzian-signature bulk and boundary geometries. This
sort of integrability requirement is not necessary, however, and many Einstein spaces exist,
which do not satisfy (3.13).28 Investigating further the relationships amongst the boundary
energy–momentum tensor and the boundary Cotton tensor may be instructive in the case
of exact Einstein spaces, which fall outside of the class studied here.29 This could be useful
both for understanding the underlying gravitational structure and for studying transport
properties in conformal holographic fluids.
Besides potential generalizations of (3.13), appears also here the issue of the form of the
boundary metric and of the energy–momentum tensor. Our analysis has been limited to (i)
stationary Papapetrou–Randers boundary geometries (4.5) with B = 1, and (ii) perfect-fluid-
like boundary energy–momentum tensors. These options make operational the determina-
tion of vanishing transport coefficients by imposing perfect equilibrium, which turns out to
exist holographically. We may however scan more general situations as many more exact
Einstein spaces exist that deserve to be analyzed. We have already quoted in Sect. 4.2 the
Plebañski–Demian`ski Einstein stationary solutions [63], for which the acceleration param-
eter is a source of deviation from the perfect-Cotton boundary geometry. Non-stationary
spaces provide equally interesting laboratories for further investigation (see footnote 29).
Finally, on the Euclidean side, a great deal of techniques (isomonodromic deformations,
twistors, . . . ) have been developed for finding the families of quaternionic spaces quoted
in Refs. [9, 10, 13, 15, 16, 18, 29] (see also [73] for a review). Among these, the Calderbank–
28As usual with instantons, self-duality selects ground states, but exact excited states can also exist.
29Recently this was discussed for a non-stationary solution of Einstein’s equations [72].
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Pedersen two-Killing family [19] is particularly interesting, because it includes the Euclidean
Weyl-self-dual version30 of the Kerr–Taub–NUT (4.27). Since this family contains more self-
dual metrics than our exhaustive analysis of Sect. 4.2 has revealed, these metrics must neces-
sarily lead to a non-perfect boundary energy–momentum tensor, potentially combined with
a Papapetrou–Randers boundary geometry with non-constant B. Although this discussion
is valid in the Euclidean and not all Euclidean solutions admit a real-time continuation, it
should help clarifying the landscape of self-duality holographic properties, and possibly be
useful for Lorentzian extensions.
Last, but very intriguing, comes the limitation in the dimension. We have been analyz-
ing four dimensional bulk geometries because our guideline was self-duality, which indeed
exists in this (Euclidean) framework. It can however be generalized in eight-dimensional
spaces. There, it is known that the octonionic symbols ΨABCD allow to define a duality map:
R˜AB = ΨABCDRCD. Reducing the Riemann two-form RAB, which belongs to the 28 of
SO(8), with respect to Spin7 ⊂ SO(8) leads to a self-dual component S21 and an anti-self-
dual one A7. Equations (2.8) and (2.9) are now traded for
S21 = W168φ21 + sφ21 +W105χ7,
A7 = W27χ7 + sχ7 + S35φ21,
where the singlet s is the scalar curvature, S35 is the traceless Ricci, and theWI are the three
irreducible components of the Weyl tensor. Riemann self-dual gravitational instantons, ob-
tained by settingA7 = 0, are known to exist [75–79]. Those are Ricci flat. The question is still
open to find Weyl self-dual Einstein spaces, by demanding S35 = 0 and W27 = 0. From the
boundary perspective, W27 = 0 could be interpreted as the extremization requirement for
(6.1) with respect to the seven-dimensional boundary metric, the Chern–Simons being now
the seven-dimensional one [80].
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A On vector-field congruences
We consider a manifold endowed with a space–time metric of the generic form
ds2 = gµνdx
µdxν = ηµνE
µEν
(to avoid inflation of indices we do not distinguish between flat and curved ones). Con-
sider now an arbitrary time-like vector field u, normalised as uµuµ = −1, later identified
with the fluid velocity. Its integral curves define a congruence which is characterised by its
acceleration, shear, expansion and vorticity (see e.g. [81, 82]):
∇µuν = −uµaν + 1
D− 1Θ∆µν + σµν + ωµν
with31
aµ = u
ν∇νuµ, Θ = ∇µuµ,
σµν =
1
2
∆
ρ
µ ∆
σ
ν
(∇ρuσ +∇σuρ)− 1
D− 1∆µν∆
ρσ∇ρuσ
= ∇(µuν) + a(µuν) −
1
D− 1∆µν∇ρu
ρ,
ωµν =
1
2
∆
ρ
µ ∆
σ
ν
(∇ρuσ −∇σuρ) = ∇[µuν] + u[µaν].
The latter allows to define the vorticity form as
2ω = ωµν dx
µ ∧ dxν = du+ u ∧ a. (A.1)
The time-like vector field u has been used to decompose any tensor field on the manifold in
transverse and longitudinal components. The decomposition is performed by introducing
the longitudinal and transverse projectors:
U
µ
ν = −uµuν, ∆µν = uµuν + δµν , (A.2)
where ∆µν is also the induced metric on the surface orthogonal to u. The projectors satisfy
the usual identities:
U
µ
ρU
ρ
ν = U
µ
ν, U
µ
ρ∆
ρ
ν = 0, ∆
µ
ρ∆
ρ
ν = ∆
µ
ν, U
µ
µ = 1, ∆
µ
µ = D− 1,
31Our conventions are: A(µν) = 1/2
(
Aµν + Aνµ
)
and A[µν] = 1/2
(
Aµν − Aνµ
)
.
30
and similarly:
uµaµ = 0, u
µσµν = 0, u
µωµν = 0, u
µ∇νuµ = 0, ∆ρµ∇νuρ = ∇νuµ.
B Papapetrou–Randers backgrounds and aligned fluids
In this appendix, we collect a number of useful expressions for stationary Papapetrou–
Randers three-dimensional geometries (4.5) with B = 1, and for fluids in perfect equilibrium
on these backgrounds. The latter follow geodesic congruences, aligned with the normalized
Killing vector ∂t, with velocity one-form given in (4.7).
We introduce the inverse two-dimensional metric aij, and bi such that
aijajk = δ
i
k, b
i = aijbj.
The three-dimensional metric components read:
g00 = −1, g0i = bi, gij = aij − bibj,
and those of the inverse metric:
g00 = aijbibj − 1, g0i = bi, gij = aij.
Finally, √
|g| = √a,
where a is the determinant of the symmetric matrix with entries aij.
Using (4.7) and (A.1) we find that the vorticity of the aligned fluid can be written as the
following two-form (the acceleration term is absent here)
ω =
1
2
ωµνdx
µ ∧ dxν = 1
2
db.
The Hodge-dual of ωµν is
ψµ = ηµνρωνρ ⇔ ωνρ = −1
2
ηνρµψ
µ.
In 2+ 1 dimensions it is aligned with the velocity field:
ψµ = quµ,
31
where, in our set-up,
q(x) = −ǫ
ij∂ibj√
a
.
It is a static scalar field that we call the vorticity strength, carrying dimensions of inverse
length. Together with Rˆ(x) – the curvature of the two-dimensional metric dℓ2 introduced in
(4.8), the above scalar carries all relevant information for the curvature of the Papapetrou–
Randers geometry. We quote for latter use the three-dimensional curvature scalar:
R = Rˆ+
q2
2
, (B.1)
the three-dimensional Ricci tensor
Rµν dx
µdxν =
q2
2
u2 +
Rˆ+ q2
2
dℓ2 − udxρuσηρσµ∇µq, (B.2)
as well as the three-dimensional Cotton–York tensor:
Cµν dx
µdxν =
1
2
(
∇ˆ2q+ q
2
(Rˆ+ 2q2)
) (
2u2 + dℓ2
)
−1
2
(
∇ˆi∇ˆjqdxidxj + ∇ˆ2qu2
)
−u
2
dxρuσηρσµ∇µ(Rˆ+ 3q2). (B.3)
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